We present various oscillator representations of the q-deformed su(1, 1) algebra such as the Holstein-Primakoff, the Dyson, the Fock-Bargmann, the anyonic, and the parabose oscillator representations and discuss their coherent states with the resolution of unity.
. Introduction
The purpose of this work is to study the various q-deformed oscillator representations of the su q (1, 1) algebra [1, 2] each of which has its own merit. It is rather well known that Holstein-Primakoff (HP) and Dyson representation in the su(2) case have been useful, among others, in studying the magnon [3] and the nuclear excitation [4] . On the other hand, the Fock-Bargmann (FB) representation provides a convenient tool in describing the quantum system in terms of path-integral formalism. In addition, the parabose oscillator system [5] plays an important role in studying the exclusion statistics [6] of quasi-particles through the Calogero model [7] .
In this paper, we construct various oscillator representations and their coherent states of the q-deformed su(1, 1) algebra and discuss the relation among them. In section 2, we present the q-deformation of the HP, the Dyson, the anyonic, and the FB representations starting from the coadjoint orbit approach. The oscillator representations and their coherent states are given. In section 3, the quadratic oscillator system with the Casimir invariant − 2 . The HP and Other Representations
The Coadjoint Orbit Approach
We start with a brief description of the coadjoint orbit of the group SU(1, 1) because it gives a clear idea about the symplectic structure and canonical quantization of the phase space of HP representation. Let us express the group element g of SU(1, 1) which is a 2 × 2 matrix by the kets (|Z 1 >, |Z 2 >) with |Z p >= (Z
T . We can get rid of |Z 2 > by making use of the special unitary property of SU(1, 1) and express g in terms of |Z 1 >≡ |Z > only. The isospin charge on the coadjoint orbit SU(1, 1)/U(1) becomes [8] K a = −2Tr(gxg −1 T a ) = −2ik 0 < Z|T a |Z > where x = ik 0 diag(−1, 1) and k 0 is restricted to be a positive integer or half odd integer. The T a 's are generators of the su(1, 1) algebra. Employing the projective coordinates, |Z >=
T , we have the isospin charge given bỹ
The symplectic structure of the phase space can be used to construct the action
On this phase space one can demonstrate that the isospin charges satisfy the su(1, 1) (ᾱα −αα) − H(K a ), and we have the canonical the Poisson bracket for α, {α,ᾱ} = i. The isospin charges (2.1) can be expressed as follows:
The Oscillator Representation and the Coherent State
The HP realization in terms of quantum mechanical oscillators is obtained if we replace the Poisson bracket for α with the Dirac commutator [a − , a + ] = 1, α → a − ,ᾱ → a + , and perform the normal ordering of the resulting operators:
If we shift the square root part in K − into the K + side, we get the Dyson realization:
If we use the holomorphic coordinate, a − → d/dξ, a + → ξ, then we get the FB realizations:
The generators satisfy the su(1, 1) algebra
and the Casimir invariant is expressed as
We define the coherent state of the SU(1, 1) as [10] |ξ >= exp(ξK
Here |Λ > is the lowest weight vector (the vacuum). Once we require the K − to be conjugate to the K + , then the resolution of unity is given in terms of the Liouville measure independent of the representations we considered above:
On the other hand, one can also define the coherent state of the oscillator algebra, the Glauber coherent state, in the HP case, because the a − and the a + are manifestly conjugate to each other:
The resolution of unity is satisfied with the measure of Eq. (2.9) replaced by G(|ξ|) =
The q-deformed algebra su q (1, 1) is given as [1] [
where the q-deformation is defined as
One can obtain the explicit form of the q-deformed generators following Ref. [11] :
. We used the symmetric form of the Q ± to make them manifestly conjugate to each other. However, this is not the unique choice (see below).
The Biedenharn Oscillator and the Coherent State
According to Eq. (2.12), one can assume that the generators of the su q (1, 1) algebra can be expressed by
14)
The (a q ) ± satisfy the q-deformed oscillator algebra of the Biedenharn type
Let us define the coherent state of the q-deformed su(1, 1) by
where the q-deformed exponential function is given by e
. The resolution of unity is given as 17) and the measure g(z) is given as [12] g(|z|) =
where the q-deformed function is defined as (1 − x)
, see below Eq. (2.20)). Here, the two dimensional integration is defined as d
The angular integration is an ordinary integration, 0 ≤ θ ≤ 2π. The radial part is a q-integration which is the inverse operation of q-derivative defined as
One can check that I commutes with the su q (1, 1) generators.
As in the case with no deformation, one can define the coherent state of the qdeformed oscillator by |z] = e za + q |0 >, and the measure for the resolution of unity is given as
Note that the domain is over an infinite plane unlike in the su(1, 1) coherent state and also this holds for any value of k 0 . Therefore, for k 0 = 
The Macfarlane Oscillator and the Coherent State
Let us assume that the su q (1, 1) algebra is given by
21) where the b q 's are the Macfarlane oscillators:
In the above we introduced a new definition of q-number,
This oscillator realization gives the q-deformed oscillator algebra of Macfarlane type:
If we define the coherent state for su q (1, 1) as in Eq. (2.16), then the same measure g(z) in Eq. (2.18) is used for the resolution of unity. However, if we define another version of q-deformed Glauber coherent state as |z} = Ez , then the measure for the resolution of unity is given as
and the domain is over an infinite plane.
The q-Anyonic Oscillator Realization
Let us assume Q 0 = K 0 and Q ± as
]q N and (A q ) + is the conjugate of (A q ) − . Its commutation relation looks complicated,
However, the meaning of this commutation relation becomes clear if we rewrite the relation in the Macfarlane's form
The conjugate relation between (B q ) − and (B q ) + can be seen formally at the operator level in Eq. (2.29) since the conjugate relation between (A q ) − and (A q ) + does hold. However, the vacuum |0 > is not annihilated by (
This feature reflects the fact that this realization corresponds to the q-deformed non-trivial one dimensional analogue of the anyon which appears in two dimensional oscillator representation with k 0 − 1 2 being related with the statistical parameter in the anyon physics [13] . However, the fact that (B q ) − does not annihilate the vacuum |0 > implies that one cannot define a proper Hilbert space unless extra truncation mechanism of the state below the vacuum is imposed. It is not known if the measure for the Glauber coherent state of the B q oscillator system can be defined.
The q-Deformed FB Realization
Let us consider a realization,
These generators act on a ket |n > as Q − |n >= [n] q |n−1 > and Q + |n >= [n+2k 0 ] q |n+ 1 >. Using < ξ|n >= ξ n , we have a holomorphic realization:
The q-derivative inQ − is defined in Eq. (2.19) . This implies that the oscillator realization is given as
which satisfies the q-deformed oscillator algebra of the Biedenharn type as in Eq. (2.15). We may consider a slightly modified version of Eq. (2.31):
Then the generators act on the ket as
We have a similar q-deformation of the FB representation of the su(1, 1) algebra as in Eq. (2.32):
The derivative inQ − is replaced by a new q-derivative which is given by
This implies that the oscillator realization is given by
which satisfies the q-deformed oscillator algebra of the Macfarlane type as in Eq. (2.24). These Fock-Bargmann realizations will be useful in path-integral formalism. . Its q deformation is obtained by su q 2 (1, 1) rather than su q (1, 1). The oscillator realization is obtained in terms of the Biedenharn oscillator:
This quadratic oscillator representation allows the generalized form of the algebra if the oscillator algebra is generalized to the para-bose oscillator algebra whose explicit coordinate representation results in the Calogero model [14, 15] :
Here, l > − 
] q 2 and the q-deformed para-bose oscillator can be expressed as
The Coherent State of the Parabose Oscillator
For the coherent state of the su(1, 1), we introduce the Fock space with the vacuum |0 > which is parity even and annihilated by the K − . Since there are two classes of states, parity even and odd, we denote them as
where |+, 0 > is the parity-even vacuum and c n = n + l(1 − (−1) n ). The coherent state of su q 2 (1, 1) is defined as
where
] q 2 . When l = 0, the measure for the resolution of unity was given in Ref. [16] . When l is non-zero integer or half odd integer, it was given in terms of the q-deformed modified Bessel function in Ref. [15] . For example, when k = +1 and l = integer, we have
is the q-deformed modified Bessel function: Once the resolution of unity is obtained for su q 2 (1, 1), one can easily demonstrate that the same holds for the oscillator representation. We refer the details to Ref. [15] .
. CONCLUSION
We presented and compared various type of oscillator realizations of the q-deformed su(1, 1) algebra and their coherent states. Modified Liouville measure and Bargmann measure are presented for the resolution of unity for the appropriate coherent state. In addition, the suitable q-derivatives is demonstrated for the holomorphic representation which will be useful for the path-integral formalism for the q-deformed system. For the application to the path integral formalism, however, one has to to develop the q-deformed higher dimensional integration in terms of the non-commuting numbers other than the 1-dimensional one [17] . We expect that this direction of research should accommodate the q-calculus on the hyper-plane [18] . Then, we may be able to apply the q-path integral formalism to the larger group SU q (N) [19] and also to the other coadjoint orbits [20] .
